Abstract. In this note a singular abstract Cauchy problem is considered. A solution is obtained for this problem in terms of a regular abstract Cauchy problem. As an application we obtain a new solution of the initial value problem for a class of singular partial differential equations.
1. We shall utilize the notion of an abstract Cauchy problem, which was introduced by E. Hille,1 to discuss a singular abstract Cauchy problem of considerable interest in the applications. We show that if U is the infinitesimal generator of a strongly continuous group, then the singular abstract Cauchy problem under consideration has a solution. Furthermore, a representation formula for the solution is given.
2. We begin with a summary of semigroup(group) theory.2 Let X denote a complex Banach space with generic element f. Let IfIfI denote the norm of f.
A family of linear bounded operators [S(t); t > 0] ([S(t); -o < t < o ]) on X
to itself is called a semigroup(group) if S(tj + t2) = S(th)S(t2) for all tl,t2 > 0 (for all t1,t2). S(t) will be assumed to be continuous in the strong-operator topology for t > 0 (for all t). In this case wo = lim t'1 log IfS(t)If < 0o (wo = lim It Il log |IS(t)II < c).
t--P OD t--1-0
The semigroup(group) is said to be of class (CO) if lim S(t)f = f (lim S(t)f = f) We remark that CC, is infinite when p is an odd negative integer.
The proofs of the above theorems employ the following lemma which we state without proof. LEMMA 1. Let T(s) be a strongly continuous group with infinitesimal generator U and let 0 be in the domain of Un. Then T(s)4 is n times continuously differentiable with respect to s, and (d/ds)tT(s)4 = UkT(s)4 for 0 < k < n.
We now prove Theorem 2. To show that (4.1) satisfies (3.1), we compute: For every Ek,> 0, there exist 5k> 0 such that IfY(k) (t) -'|kI| < ek/Ak (k = 0,1) whenever 0 < t < 8k. This statement is a consequence of Y(t) being the solution of the ACP2. We recall that 4, = 0. Thus for 0 < t < 6,, we have IIY()(t)-4gtI . 2fIIf,(S) I I fY(k)(st) -| fds .
2(Ek/Ak) f0 fk(S) Ids < .k, k = 0 1.
This completes the proof of Theorem 2.
A device of A. Weinstein4 is used to prove Theorem 3. In our proof, we use Theorem 2 along with the repeated application of the recurrence formulas (3.3) and (3.4). Let The case p = 0 is covered by Theorem 1. We have THEOREM 4. For p 2 0, the solution operator of the SACP2 is continuous. 6. In this section we discuss briefly uniqueness questions for the SACP2.
One can easily verify for p < 0 that Wp = Y, + tl-PY2_p, where Y2_p is a sufficiently smooth solution of (3.1) with p replaced by 2 -p, is a solution of the SACP2 whenever Y, is a solution. Thus the solutions are not unique when p < 0. For other treatments of singular equations in an abstract framework, see Lions7 and Carroll.8 Of course, our L2 solution of the Euler-Poisson-Darboux equation could also be obtained by a direct application of Fourier transformations in the spatial variables in (7.1) in the usual manner. On the other hand, our general formula (4.1) is also valid when An is replaced by any differential operator P(x, D) whose square root generates a strongly continuous group on some function space X.
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